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e Graph Neural Networks (GNNSs) are specifically designed to operate on
graph-structured data.

Why GNNs for physic?

e Many physical systems can be naturally represented as graphs:
- Nodes represent entities (e.g., particles, atoms, agents).

- Edges represent relationships or interactions between them (e.g.,
forces, distances, connections).
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Why GNNSs for physic?

® (Other physical systems take place in a continuous space domain (e.g., fluid
dynamics, elastic and plastic deformation of solid bodies).

® This domains need to be discretised into a finite number of degrees of freedom using:
— A structure discretisation (typically a cartesian grid) — CNN
— An unstructured mesh — GNN
— A Lagrangian discretisation — GNN

Cartesian grid Unstructured mesh Lagrangian discretisation (SPH) 3



Why GNNs for physic?
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— They allow us to represent
complex geometries accurately.

— They allow us to modify the
resolution over space and
efficiently capture large spatial
gradients.




Why GNNs for physic?

® Lagrangian (or particle-based)
simulations can also be suitable for
multi-physics problems and problems
with moving boundaries.
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Introduction — Euclidean data

® |n most ML task the data is represented in the Euclidean space (employing a
Cartesian coordinate system)

® [E.g., image classification, video processing, speech recognition, natural language
processing, etc.

In the vast realm of Natural Language Processing (NLP), text processing
holds a fundamental position. It acts as the initial step in
transforming raw textual data into a more digestible format for
subsequent algorithms and models. Among the core techniques in text
processing, **Tokenization** and handling of **Stopwords** are
foundational. Let's delve into each.

® |n the Euclidean space the data points can be represented as vectors or tensors and
the distance between them is computed using Euclidean distance, i.e.,

d:=+/(p1—q)?+(p2— @)* + - + (o~ — qn)? .
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® |n other applications the data is represented in a non-Euclidean space using graphs

Introduction — Graphs

® (Graphs can be used to represent social networks, citation networks, traffic networks,
molecules and proteins

‘,ﬁ o ﬁ 0 S
0. /g }
0. /g C=CH
Ll g Q1D / \ H. NH
& Al - ey s HG ~c
i Y \ C\C/ c
o &6 76 we—& - He
©-¢ CO 6 —CH

® Graphs are structures composed of nodes (vertices) and edges (connections) between
these nodes

® Nodes can represent entities (such as objects, individuals, or concepts), and edges
can represent relationships or interactions between these entities
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A graph is a pair of sets, G :=(V, E), where V:={i | 1 <i<|V|}is a finite set of nodes
and E:={(i,j)|i,j € V}is afinite set of pairs of nodes

Types of graphs

E.g., a graph with nodes V ={1, 2, 3, 4, 5}
and edges E ={(1, 2), (2, 1), (2, 3), (3, 2), (3, 4), (4, 1), (5, 4)}

Graphs can fall within different categories:

® Undirected graph or Directed graph
(Simple) graph or Multigraph
Homogeneous graph or Heterogenes graph
Pseudograph

Hypergraph 0
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Undirected vs directed graph

Receiver

Sender

Undirected graph Didirected graph

® Undirected graph: the edges have no direction and represent a two-way relationship.
The tuples (i, j) and (j, i) refer to the same edge (unordered tuple).

® Directed graph (or digraph): the edges have a specific direction and represent a one-
way relationship. The tuples (i, j) and (j, i) correspond to different edges (ordered

tuple).

11



Multigraph vs Simple graph

Multigraph Simple graph

® Multigraph: multiple edges with same end nodes are allowed. In this case, £ must be
an order set.

® (Simple) graph: more than one edge between any two nodes are not allowed.

12
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Homogeneous vs Heterogenes graph

® Homogeneous graph: There is only one type of nodes and one type of edges.

® Heterogeneous graph: There are multiple types of nodes and multiple types of edges.
E.g., citation networks and e-commerce networks.

~~~~~~ Pe
“Product” ) ‘ ‘e »
node type ; Review
node type

“User” node type

13



TUTI

Special types of graph

® Pseudograph: self-loops are allowed e o
9-9
o’ «—— Edge (1, 1) is a self-loop

® Hypergraph: generalization of a graph in which an edge can join any number of nodes

® Complete graph (or fully connected graph): a graph in which each node is connected
to every other node 14
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Special types of graph

® Disconnected graph: there is no path between any two nodes of the graph.

[ o
¢ o ® o
~ ° . This graph consists of 4 disconnected
E=m s TS < Do subgraphs.
« *
e e

In message-passing based GNNSs there is no batch dimension. Instead, we use a larger
disconnected graph consisting of several of the training samples. This just requires

changing the index assign to each node. 5



TUTI

Adjacency (undirected graphs)

® Adjacent node of a node i: any node that is connected to i by an edge
® Neighbourhood of a node i: all the vertices adjacent to :

® Degree of a node i: number of edges that are incident to the node (or neighbourhood
size)

® Distance between two nodes: the number of edges (hops) in the shortest path
connecting the two nodes

/ "o — The neighbourhood of node 5 is {1, 2, 4}, it has degree 3.

— Node 5 and 3 are two hops away.
o\

16
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Adjacency matrix: symmetric square matrix that represents the connections between the
nodes in a graph. The matrix element in the i-th row and the j-th column indicates whether
there is an edge connecting nodes : and j . This can be:

Adjacency (undirected graphs)

® Unweighted: The elements of the matrix are either 0 (no edge) or 1 (edge).

® Weighted: Each element represents the weight of the edge between the corresponding
pair of nodes. If there is no edge, the entry is typically represented as 0 or +oo.

Unweighted adjacency matrix Weighted adjacency matrix
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The adjacency, degree and distance are defined for the incoming and outgoing directions.

Adjacency (directed graphs)

For instance,
® |ndegree of a node: number of incoming edges at the node.

® Qutdegree of a node: number of outgoing edges at the node.

The adjacency matrix is not necessarily symmetric. The matrix element in the i-th row
and the j-th column indicates whether there is an edge from node i to node .

‘ 01 2 3 4
@ 0Oj0(1]11101]0 The sum is the
11olol11l0l7 outdegree
Q‘ 2|10(0(0([1]0
° 3{0(0|0]|0]|1
0 410|{0(0(0]0 18
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® The adjacency matrix allows for efficient matrix-based operations (e.g., aggr., degree).

® However, for sparse graphs, the adjacency matrix is inefficient in terms of memory
usage.

Edge list

® For such cases, alternative representations are adjacency lists and edge lists.

® [Edge list: List of all the edges in the graph, where each edge is represented as a tuple
or pair of nodes. Commonly used in message-passing algorithms. As a con, the
lookup time is large (e.g., finding the neighbours of a node).

Edge list: [[0, 1], [0, 2], [1, 2], [2, 3], [1, 4], [3, 4]] °‘



Attributes of a graph

The inputs to GNN models are:
® Edge list/Adjacency matrix

® Node attributes or features. This is generally a vector for each node. The node feature
matrix has in the i-th row the feature vector of node i.

® [Edge attributes or features (optional attribute). The edge feature matrix has in the i-th
row the feature vector of the i-th edge in the edge list.

20



Attributes of a graph: Particle based simulation

® The adjacent nodes of each node are created following
different techniques:

O  Nodes within a radius R
O  k nearest neighbours
Valid input attributes could be:
® Features of node each node i:
vi=[x; | x1g1fild| mj]
— Particle’s position

— Particle’s velocity

—  Gravity

—  External forces

— Particle’s distance to the wall
— Masks

® Features of each edge (i,)): e;=[x;-x; | d; ]
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Attributes of a graph: Mesh based simulation

® The edges can be constructed as before or by
meshing (e.g., Delaunay triangularisation).

Valid output attributes could be:
® [Features of node each node i:

v,=[u; | f; 1 d; | m] M»f
—  Eulerian magnitudes (e.g., velocity and pressure)
—  External forces S—
— Node’s distance to the wall
— Masks
® Features of each edge (i, )): e; =[x; - x;]

Horizontal component of the

velocity field
22
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® A graph may have a variable number of nodes and each node may have a different
degree. Besides the notion of up, down, right, and left may not be defined (e.g., in a
citation network) or defined in a continuous way using a coordinates system (e.g., in a
physical simulation)

Graph convolution

® Graph convolution are a generalisation of convolutions from grid data to graph data.
® They can be of two types

o Spectral graph convolutions: A learnable kernel is convolved with the node
features in the graph spectral domain, defined by the adjacency matrix of the
graph.

o Spatial graph convolutions: Neighboring nodes' features are processed and

aggregated to update the central node's features. Commonly referred to as
Message Passing.

24
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Spectral graph convolution

® Only valid for undirected graphs.

® Spectral-based methods have foundation in graph signal processing and apply a filter
in the spectral domain.

® To transform a graph signal , v € RV , to the spectral domain:

1. Compute the normalised graph Laplacian, L.The graph Laplacian is givenby L = D — A,
where A is the adjacency matrix and D is the degree matrix — a diagonal matrix indicating

degree of each node (Dy; = 3, Ai ;).
Instead we use the normalised graph Laplacian, given by
L=I1-D"124D~'/2

Since its eigenvalues are bounded between 0 and 2, it provides better numerical stability than
the unnormalised graph Laplacian.

25
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Spectral graph convolution

|[VIxF

® To transform the matrix of node features, X € R , to the spectral domain:

2. Compute the eigenvalues and eigenvectors of L. L can be factored as:
L=UAUT

where U € RIVIXIVI is the matrix of (unitary) eigenvectors ordered by decreasing eigenvalues

A e RIVIXIVI
is the diagonal matrix of eigenvalues.

3. Apply the graph Fourier transform:
F(v)=Uly

® The recover the graph signal, the inverse araph Fourier transform is applied:
Fl®) =Uv

26
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The graph convolution of the input signal v € RIV! with a filter gc RV is defined as

Spectral graph convolution

Vxg= .F_l(f'(v) @f(g))
=UUvoeoUTg)

If we denote the filter in the graph Fourier space as g = diag(UTg) , then we can
write the spectral graph convolution as \

vxg=UgpUlv

All spectral graph convolution follow this definition and differ on the choice of gy .

27
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Spectral CNN (Bruna et al. 2014)

In Spectral CNNs (presented in Spectral networks and locally connected networks on
graphs), each convolution has C;, input features/signals and C,,; output
features/signals.

The filter for each pair of input and output channels is a learnable diagonal matrix,
denoted as @i,j .

The j-th output feature is l
Cin
v = Z U@z‘,jUT’vZ
i=1
In the Spectral CNN (actually GNN), multiple convolutions (followed by activation

functions) are applied sequentially.
28
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Since the convolutions in Spectral CNNs rely on the eigenvectors of the normalised
Laplacian matrix, they face two important limitations:

® The learned filters cannot be applied to a graph with a different structure.
® The computational complexity of eigen-decomposition is O(|V [|3).

Spectral CNN (Bruna et al. 2014)

More recent spectral graph convolutions make several simplifications to reduce the
computational complexity:

® Chebyshev Spectral CNN (ChebNet) — O(% |E |)
® Graph Convolution Network (GCN) — O(|E |)

29
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Chebyshev Spectral CNN (Defferrard et al. 2016)

® |n Chebyshev Spectral CNN (ChebNet), presented in Convolutional neural networks on
graphs with fast localized spectral filtering, the convolution filters are approximated
by the weighted sum of Chebyshev polynomials of the normalised eigenvalue

matrix.
® Specifically, k
go=» 0;Ti(A)
i=0

where 0; is a learnable scalar, k is the filter order (order of the highest polynomial), T’ is
the Chebyshev polynomial of order i and A = 2A /A pax — I (in [-1, 1]) is the normalised

eigenvalue matrix.

1
Chebyshev polynomials: Ti(z) ==
2

Toi1(z) =22 T, () — Th-1(z). 30
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Chebyshev Spectral CNN (Defferrard et al. 2016)

® The Chebyshev spectral convolution is given by

k k
Vg = U(ZQZTZ(A)) Ulv = ZHQ; E(Zi/)\max —I)v

1=0 1=0

Chebyshev filter R n
T;(2L /Amax — I) = UT;(A)UT

® |f weassume Apmax = 2, the computational complexity is reduced to O(k |E |),
since we do not have to compute any eigenvalue or eigenvector.

® As opposed Spectral CNNs, the filters are local in space and can be applied to
graphs with a different structure.

® FEach node is receiving information from the nodes located k& hops away. 51
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Graph Convolution Network (Kipf and Welling 2017)

® Same as the Chebyshev spectral convolution with Amax =2, k=1and 4 := 4, =-4,.
vxg=0(2] —L)v
® |n practice, we do
vxg =0(D Y2AD %)y

with A:= A+ 1T and D its degree matrix.

® The Graph Convolution Network (GCN) allows for multi-channel convolution by matrix-
matrix multiplication

V € RIVIXCin

V « (D"Y24AD"?)ve
O € RCinxCout 5



Graph Convolution Network (Kipf and Welling 2017)

® The GCN spectral graph convolutions can also be written as
Node update

g
oW 1 1

V. Vk

ey . _ 0w, O v,
y Y O YT Geg(g) +.Z. /deg(3) \/deg(j)( ”)

e .
Aggregation Message

® This can be understood as a form of spatial graph convolution (or message passing).
020

(o >
) 33
(2)
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® Similar to CNNs, spatial graph convolutions rely on the aggregation of messages sent
from adjacent nodes.

In a CNN: T/{ \|><|

Spatial based convolution

1st Compute the message for each adjacent pixel: » —_—
m; = w;x, |\ /|><|

2nd Aggregate the messages: N/ 1N /1 ><
o AKX

® Adjacent does not mean spatially adjacent,
but with an edge directed towards the node. oW .

— .
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Spatial based convolution

® The message can be computed in infinite many ways: Examples
The node feature multiplied by a weight: 1
o Learnable weight (e.g., GCN) \/deg(z') \/deg(j) (@Tm)
o Weight computed as a function of some learnable ho(eij)v;

parameters and the sender-node and/or receiver-node
and/or edge features (e.g., Graph Attention Network weighted B-Spline tensor
and SplineConv). product basis

The message is a function of some learnable parameters
and the sender-node and/or receiver-node and/or edge MLP ([e;;|vi|v;])
features (e.g., Interaction Network) — we will focus on this.

® The aggregate messages could also be used in many different ways to update the

features of the central node.

35
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Message passing (Gilmer et al., 2017)

® To unify a large (and ever increasing) zoo of spatial based convolutions we use a

framework known as Message Passing (MP) (Neural message passing for quantum
chemistry by Gilmer et al., 2017)

® |t has three steps: _
Message function

Compute messages: m;;  f°(e;j,v;,v;), Y(i,j) € E,
1 :
Aggregate messages: m; Vol Z mij, VieV,
| J lie.-'v;
Update node attributes: vj « f'(m;,v;), VievV,

Update function

® The aggregation function can be any permutation invariant function, typically sum or %6
mean.



Message passing (Gilmer et al., 2017)

® To process and propagate the node features across the graphs multiple MP layers are

applied sequentially:

oy
Nl Py

37
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® A more recent version of Message Passing uses the messages to update the edge
attributes (Relational inductive biases, deep learning, and graph networks by Battaglia
et al., 2018):

Message passing (Battaglia et al., 2017)

Edge-update function

Update edge attributes: e;j + f(eij,vi,v;)), Y(i,j) € E,
: _ 1 .
Aggregate edge attributes: €; m Z €ij, VieV,
7 ieN;
Update node attributes: v; + ['(e;,v;), VieV,

Node-update function

® This helps to learn patterns from the edge attributes.

® |t is more expensive to train due to the longest backprogation chain, but can improve
the accuracy.



Message passing (Battaglia et al., 2017)

V1
€1 €1j V1V Vj €
Vj R 6'1/'
fc 6'3./' mean - ﬂfl
' ‘:: > J
V2 ro. € 3 '
€ 17 ’ v i
€ k)

Edge update (€15 ) | Edge aggregation |Node update (v; )
® (Common update functions nowadays are MLPs with a (weighted) skip connection:
— Edge-update function: We;; + MLP (LayerNorm([ei]-|'v,-_|'vj]))

~ Node-update function: ij-|-MLP(LayerNorm([éj|vj]))
39



Graph Convolutions — Conclusion

Directed graphs Undirected graphs
Node and edge features Node features
Local information processing Global or local information processing
O(IE ) O(E]) - O(V P)

® In DL for physics we prefer Message Passing over Spectral Graph Convolutions due
to its efficiency, ability to work with different graphs and translation invariance
(thanks to assigning the relative position between nodes as input edge features).
® GNN library for pytorch: PyTorch Geometric
(us

— Docs: https://pytorch-geometric.readthedocs.io ‘ f,i 7
— Examples: https://github.com/pyg-team/pytorch geometric/tree/master/examples % 40



https://pytorch-geometric.readthedocs.io/
https://github.com/pyg-team/pytorch_geometric/tree/master/examples
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Graph Neural Networks

® Schematic of a typical Graph Neural Network (GNN):

U; Enc. v; > y; = — cee =P —U;

Spectral Graph Conv

® Depending on the nature of the predictions:
— Node-level predictions: A decoder (MLP/linear layer) is applied to every v;.
— Edge-level predictions: A decoder (MLP/linear layer) is applied to every e;;.

— Graph-level predictions: (i) A decoder is applied to the flattened node (or edge)
features (not permutation invariant), or (ii) a decoder is applied to the aggregated
node (or edge) features, or (iii) Graph Pooling is applied. .
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Particle-based simulation with GNNs

Topics that we will cover:

1. Interaction Networks for Learning about Objects, Relations and Physics
2. Learning to Simulate Complex Physics with Graph Networks
3. Lagrangian Fluid Simulation with Continuous Convolutions

4. Inverse Design for Fluid-Structure Interactions using Graph Network
Simulators

5. Guaranteed Conservation of Momentum for Learning Particle-based Fluid

Dynamics
43
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Interaction Networks for Learning
about Objects, Relations and Physics

Battaglia et al., 2016
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Interaction Networks for Learning about Physics

® First work to represent systems of particles as graphs:
— The nodes represent the particles

— The edges represent their relationship (e.g., springs, gravitational attraction,
distance to collision)

The message function models the interaction between particles.

The node-update function models particle dynamics.

Experimented with: N-body problem, rigid-body collision and discretised string.
Proved extrapolation to larger systems and thousands of future states.

Scale to up to 12 particles. 45
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Interaction Networks for Learning about Physics

® Numerical models for particle systems account for the interactions between
particles and how these impact the state of each particle.

® For example, in the the N-body problem:
— Every particle j attracts each particle i:

-3 Gmﬂnlg o —af) (

J#Z

Aggregation Message

— The position of each patrticle is updated based on their current state and this
interaction (node update): ) .
( pdate) et = 2 + Ate?  + At?E! 2

® These dynamics could be modelled by a Message Passing layer. 4
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Interaction Networks for Learning about Physics

Experiments

® N-body problem:
- |V|=N
- |E|=[VIx(V]-1)
— Input node attributes: velocity and mass

— Input edge attributes: relative position
— Training with |V | = 6, testing with |V | =3, 6 and 9

* The inputs are translation invariant

47



Interaction Networks for Learning about Physics

Experiments

® Bouncing balls:

|V'| = Number of balls + Number of rectangles discretising the walls
[E|=[VIx(V]-1)

Input node attributes: velocity, inverse of the mass, radius and node type
Input edge attributes: relative position and coefficient of restitution
Training with 6 balls and testing with 3, 6 and 9 balls

48



Interaction Networks for Learning about Physics

Experiments

® Discretised string:

|V'| = Number of nodes on the string and one central ball
IE|=2x(V|-2)+2 (V] -1)(spring edges + spring-obstacle edges)
Input node attributes: velocity, inverse of the mass, gravity and node type
Input edge attributes: relative position and relation type

e

49
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Interaction Networks for Learning about Physics

Experiments

The output is the velocity at the next time-point, dz?ﬂ

Trained to minimise the MSE of :b?ﬂ

This velocity is used to update the position: :I:ZT-LH =x; + At:i::;hLl

Rollouts are produced by updating the input attributes and evaluating iteratively the
model.
The simulations were rolled out for thousands of time-steps during training

Message function: MLP with four hidden layer (150 neurons each) and 50 neurons in
the output layer.

Node-update function: MLP with one hidden layer (with 100 neurons) and 2 neurons
in the output layer (x and y component of the velocity).

Any baseline to compare with? »0
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® MP-based GNNs does not constrain the size of the system to a fix number of nodes.

® MP is permutation invariant. MLPs are not: the feature vectors can be stacked in many
different orders. For instance, these three input vectors represent the same system,
but nothing guarantees that the velocity predicted for each node is the same in every

case.
v,
( JQf

® MP is translation invariant if we use the relative position between nodes as edge input.

GNNs vs MLPs

U1

® Note: in MP, the result from the aggregation must be permutation invariant. Thus, the
aggregated message cannot be directly computed, for instance, like this:

myg < MLP ([vg|vi|eio|vz|ez]) or Mg < MLP ([vo|vz|eo|vi|eio]) 51



Interaction Networks for Learning about Physics

Experiments

® Baseline: MLP which took as input a flattened vector of all of the input data.

® The MLP works only with a fixed number of particles and edges

Domain Constant velocity | Baseline| Dynamics-only IN IN

n-body 82 79 76 0.25
Balls  0.074 0.072 0.074 0.0020
String  0.018 0.016 0.017 0.0011

TUTI

52



Interaction Networks for Learning about Physics

® Similar work: A Compositional Object-Based Approach to Learning Physical
Dynamics, Chang et al., 2016.

® They arrived to similar conclusions independently.

Note on Time Predictions
°

When evaluating a model autoregressively to produce rollouts the error accumulates
and the simulation can divergence in a few time-steps (network evaluations).

In this work, they mitigated this by adding Gaussian noise to the input positions and
velocities (similar to label smoothing LLM).



